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If f is a function with period 231 which is in L, for some p > 1, we define 
the integral moduli of continuity of the first order off by 
w,(kf) = ,;yg Ilfb + 4 -fW 112, ) 
where I/ . 11 denotes the norm in L, . AljanciC [l] has recently proved the 
following theorem. 
THEOREM A. If p > 1 and the sequence {ak} decreases monotonically to 
zero and satisfies 
‘f kP-2akp < co, 
then 
wp (i , f) G (+) [z k2~zaI;p]1’p + Be [~nk~-2a~p11’p~ 
where f  is the sum of either the sine or cosine series with coejjicients {a,J and A, 
and B, are constants depending on p. 
We extend this theorem to the case p = 1 and show that the resulting 
bound for wi(l/n, f) tends to zero. (See [4, p. 451.) 
THEOREM 1. Let {al,} be a monotonically decreasing sequence of positiz?e 
terms such that 
Then 
(1) 
Wl 
( 1 
$,,f <*Flu, + B$$. 
1 
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PROOF. We note that (1) implies that {+} is null, and also that f  is sum- 
mable. Hence w1 is defined. Because of the symmetry off it is sufficient to 
consider only 
for 0 < t < h. Let h = ?r/2n. We may write 
Put (for the cosine series) 
(2) 
n-1 
f@ f t> -f(x) = 2 1 
1 
n,sin~sink(r&+j 
+ f a,[cos (hx f ht) - cos hx], 
n 
so 
aln n-1 
4 d 2 I Ix 0 1 
a,sinFsink(s*+jIdx 
+ j-“‘” / 5 a,[cos (hx f ht) - cos hx] 1 dx 
0 n 
Now (letting A, B, etc. be constants whose value may change from one 
occurrence to the next) 
Writing the sum in IIa as the difference of two sums, malting a change of 
variables, and using t < n/2n in the limits of integration gives 
I,, < A f  
m-73 
~““” 1 f  uK cos kx ) dx. 
3r/2h+l) K=n 
(5) 
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Letting D,(x) = 4 + xy cos kx denote a Dirichlet kernel we may use 
partial summation to obtain 
I 
2 Uk cos kx 1 < f Uk + f (ale - QPCl) I 
II n rnfl 
Thus from (5) and (6) 
I,, < A F m--2 I f aA + Kma -1 <Aim- II n ?I 
&(x) / < f a, + Kma, . (6) 
n 
Changing the order of summation in the first term of (7) gives 
so 
(7) 
For I, using partial summation yields 
To estimate Izl we write 
Now using properties of the Dirichlet kernel in [T/(m + I), n/m] we see that 
the integrand in I,, is dominated by 
G At f Ku, + Atm i ak + ,4tm2a,, 
1 7lS+1 
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which follows from x > 2t and partial summation twice. Thus 
Now the first term is 
5’ ka, [ 5’ m-j < 5’ ka, [f nr2] < A glak , 
k=l msk 1 k 1 
while for the second we have 
z a, [y ,n-l] < A 5’ uk log k < A log 715’ ak. 
?7Z=l 1 
Thus 
I < AlogPl 
21 \ 7; 'k* 
Making a change of variable in Iz2 leads to 
~AJ:2,(9~l (ak - ak+l) dx < Au, log n. 
But 
so by (13) and (14) 
log n < Alogn”-1 
Iza < Ana,, - , - 
?l n Take 
(12) 
(13) 
(15) 
Theorem 1 follows from (2), (3), (4), (S), (9), (12), and (15). 
We proceed now to show that the bound in Theorem 1 tends to zero. 
BOUND FOR INTEGRAL MODULUS OF CONTINUITY 473 
The second term is clearly null because of (l), so we consider the first term. 
It is known that (1) holds [4, p. 1861 only if 
f$ (Uk - %+1> log k < 0s. (16) 
In fact (16) follows by partial summation. 
Let E > 0, and choose K such that 
for all iVZ 3 K. By partial summation, for n - 2 > K we have 
logn K-1 
E 
n-2 
=- 
n 1 (Uk - %,l> k + 1 (4 - %+1> 1% k - & K 
< 1) a,-l] 
(Alogn 
, - + E + B log (n - 
n I)a,-,. 
Thus the first term of the bound will tend to zero if a, log n does. Consider 
where s = G. By (l), (17) is null as r tends to infinity, and for all large values 
of T 
so a, log s tends to zero as s = 9 tends to infinity. But for r2 < j < (r + 1)2 
uj logj < a, log (Y + 1)2 < 2a, log S, 
so a, log n tends to zero. 
409119/3-s 
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In connection with (I), it may be pointed out that equivalent conditions 
exist. Two of these are [2] the existence of 
WI 
and [3] m sup c ak cos kx EL. 
1 
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